The classical preprojective partition in the category mod ⌳ of f.g. right modules over an artin algebra ⌳ was introduced by Auslander and Smalø w x 6 in 1980 and has been investigated by several authors since then. The aim of this article is to initiate the study of relative preprojective partitions. These depend upon an epiclass replacing the class of surjective homomorphisms in the classical preprojective partition. For instance, any covariant functor F F: mod ⌳ ª A A b b determines such an epiclass; it consists of those morphisms f for which F F f is an epimorphism. In the classical case all preprojective modules lie in components which also contain projective modules. Since each module is preprojective relative to a suitable epiclass, our theory can be applied in any component.
The classical preprojective partition in the category mod ⌳ of f.g. right modules over an artin algebra ⌳ was introduced by Auslander and Smalø w x 6 in 1980 and has been investigated by several authors since then. The aim of this article is to initiate the study of relative preprojective partitions. These depend upon an epiclass replacing the class of surjective homomorphisms in the classical preprojective partition. For instance, any covariant functor F F: mod ⌳ ª A A b b determines such an epiclass; it consists of those morphisms f for which F F f is an epimorphism. In the classical case all preprojective modules lie in components which also contain projective modules. Since each module is preprojective relative to a suitable epiclass, our theory can be applied in any component.
The article is divided into four sections. The first one contains the basic definitions and existence theorems. Furthermore, we derive important characterizations of the preprojective objects. The preprojective partition determined by a covariant functor F F is the subject of the second section. In this case the relatively preprojective objects can be described in terms of the radical series of F F. Conversely, the relative preprojective partition yields an interesting filtration of F F. The third section deals with the relations between several partitions. We indicate how information about many relative preprojective partitions can be deduced from partitions determined by representable functors. For instance, the classical preprojective partition can be described by relative preprojective partitions given by the indecomposable, projective modules. In the last section we investigate the relative preprojective partition determined by some suitable indecomposable, quasi-projective module, with respect to which mod ⌳ is directed. We show that such a partition can be determined by counting the length of chains of irreducible morphisms. Similar algorithms for other types of relative preprojective partitions will be established in forthcoming papers.
First, let us fix some notation. Throughout this article k k denotes a commutative artinian ring and ⌳ an artin algebra over k k. Although our Ž main interest lies in mod ⌳ the category of finitely generated right .
modules we will work, more generally, in a Krull᎐Schmidt k k-category denoted by C C. Actually, most results can even be proved for Krull᎐Schmidt categories without k k-structure, provided the endomorphism ring of each object is semiprimary and some other finiteness conditions are satisfied Ž w x. see 9 .
Always ind C C is the class of all indecomposable objects in C C; however, Ž . we put ind ⌳ s ind mod ⌳ . We consider only subclasses X X : ind C C closed under isomorphic objects. By add X X we denote the full additive subcategory of C C formed by the objects having only indecomposable summands in X X , and by C C the subcategory formed by the objects without X X summands in X X. We write gf for the composition of morphisms K ª f M ª g N. The Jacobson radical of C C will be denoted by rad . Functors are in
C C
general assumed to be covariant. Instead of a contravariant functor F F:
C C ª mod k k we will consider the dual functor DF F, where D is the usual duality of mod k k.
We use the notions and basic properties of almost split and irreducible Ž w x . morphisms see 4, 5, 17 .
THE RELATIVE PREPROJECTIVE PARTITION
In order to obtain the relative preprojective partition, we replace the class of surjective homomorphisms by an epiclass. These epiclasses are defined by axioms reflecting those properties of the class of surjective homomorphisms which are crucial for the preprojective partition. DEFINITION 1.1. A class E E of morphisms in an additive category is an epiclass if it satisfies the following axioms:
Morphisms in an epiclass E E are called E E-morphisms.
For a detailed account of the various generalizations of epimorphisms, w x which have been investigated in literature, we refer to 13 . Relative w x homology was applied to representation theory in 8 . In connection with preprojective partitions the classes of morphisms considered in the context w x of projective structures in the sense of Maranda 14 are of special interest, as we will see below. EXAMPLES 1.2.
Ž .
1 The class of all epimorphisms is an epiclass, and so is the class of Ž . Ž . all split epimorphisms. By I and E each split epimorphism lies in each epiclass.
2 Let F F: C C ª D D be a covariant functor and E E an epiclass in D D. Then F F y1 E E is an epiclass in C C. For a covariant functor F F: C C ª mod k k we denote by E E F F the epiclass of all morphisms in C C for which F F f is an
E E E E
iii « i We show that for M f P P j иии j P P there is an E E-
, which is not a split epimor-
phism. By induction, there is an E E-morphism h: N ª N X in rad iy1 , and
Ž .
The proof of iii « i shows that M g P P j иии j P P if there is no
C C
A third condition implying that the E E-preprojective objects lie in components containing splitting E E-projective objects is that all P P E E with i g ‫ގ‬ i are finite. To see this, let M g P P E E with i g ‫ގ‬ and n be maximal in the
PARTITIONS DETERMINED BY FUNCTORS
In this section we consider a covariant functor F F: C C ª mod k k and the epiclass E E F F consisting of those morphisms f for which F F f is an epimorphism. The functor F F is finitely generated if there is a functorial epimor-
w x This notion is closely related to left or right minimal morphisms 6 . Using the fact that End X is semiperfect one can show that for a given x g F F X there is an idempotent f g End X such that x s f и x is a minimal element of the module
X is uniquely determined up to isomorphism, and we call X X the minimal generating object for F F.
THEOREM 2.1. C C has a finite E E F F -co¨er if and only if F F is finitely generated. Moreo¨er, the minimal finite E E F F -co¨er consists of the indecomposable summands of the minimal generating object for F F.
Proof. Let X , . . . , X be representatives of an E E
and y , . . . , y a generating set of
This proves that ind X is an E E F F -cover. For the second assertion, we already have shown both inclusions.
In combination with Theorem 1.5 this yields many relative preprojective partitions consisting of finite covers. We present some applications with proofs left to the reader.
is a projective structure in the sense of Maranda 14 .
Ž .
2 Let C C be an exact Krull᎐Schmidt k k-category and X g C C. Then there is a finite, minimal E E ExtŽ X , ᎐ . -cover H H if and only if there is an exact sequence 0 ª Y ª P ª g X ª 0, where P is Ext-projective, g is right minimal, and H H s ind Y.
3 Let C C be an exact Krull᎐Schmidt k k-category and X g ind C C.
Then there is a finite, minimal E E D ExtŽ ᎐, X . -cover H H if and only if there is an almost split sequence 0 ª X ª Y ª Z ª 0 in C C with H H s ind Z.
We now turn our attention toward further descriptions of the E E F F -preprojective objects. For a functor F F: C C ª mod k k we denote by Rad F F the radical, i.e., the intersection of all maximal subfunctors of F F. It follows w x from 2 that functors over Krull᎐Schmidt categories behave like modules over semiperfect rings; in particular we have Of course, we also have the dual notion of a monoclass. Each monoclass in C C is an epiclass in the opposite category C C op . For a contravariant
-preinjecti¨e. -preinjective partition of an exact Krull᎐Schmidt k k-Ž w category with almost split morphisms. It follows from the equality see 9,
x. 2.3.5
Furthermore, for indecomposable modules M, N over a quasi-Frobenius algebra, N is E E ExtŽ M , ᎐ .
-preprojective if and only if M is M M
ExtŽ ᎐, N .
-prein-Ž w x . jective. Here we use the fact that in this situation see 9, 2.3.6
For a covariant functor F F: C C ª mod k k and i g ‫ގ‬ we define a subfunc- 
Proof.
F F F F
and N g C C we have N, M s rad N, M and thus F F M s
Rad F F M / F FM, and this follows from the fact that M is splitting E E F F -
Ž
we have F FM s F F M, and F F M / F FM follows from the fact that there is
3 From 2 we obtain supp F FrF F s P P j иии j P P s
P P jи и иj P P iq1
Relative to E E s E E Ž P 1 , ᎐ . we obtain the preprojective partition We have a chain of irreducible morphisms P ª M ª M with M g 
RELATIONS BETWEEN PARTITIONS
In this section we investigate the relations between various relative preprojective partitions. This enables us to reduce the examination of a given partition to other partitions which might be easier to handle.
E E E E E E
C C has a finite E E-cover by 2 , and then P P is the minimal one
by Proposition 1.4.
This result is useful in many situations. We state two applications. EXAMPLES 3.2.
Ž .
1 Let E E be an epiclass such that C C has a finite E E-cover with representatives X , . . . , X . Then for X s [
This follows from the fact that for each E E Ž X , ᎐ .
-morphism f : M ª N we have an E E-morphism g: X n ª N and then some h: X n ª M such that g s fh. Therefore, the preprojective partition relative to epiclasses of type E E Ž X , ᎐ . are partcularly interesting.
F F 2 For any right exact functor F F: mod ⌳ ª mod k k the epiclass E E contains all epimorphisms. The preceding theorem implies that each E E F F -preprojective module is preprojective in the classical sense, and in particular all modules in P P F F are projective. Especially, for X g mod ⌳ the 0 minimal E E DŽ ᎐, X .
-cover P P DŽ ᎐, X . contains up to isomorphism precisely the 0 indecomposable summands of the projective cover of the socle of X. Now we consider an epiclass represented as the intersection of a family of epiclasses. If the index set is infinite, we will need a fairly strong condition concerning the intersection of the supports to get the desired results.
Ž . Ä LEMMA 3.3. Let E E be a family of epiclasses such that A s ␣ g E E E E E E
P P is a finite E E -cover of C C , and H H s P P C C is
the minimal one by Proposition 1.4. Therefore,
by Lemma 3.3, and P P E E l supp E E : D H H is finite for
We present an important application with a finite index set.
EXAMPLES 3.5.
In this way we can
deduce information about many relative preprojective partitions from E E ŽY , ᎐ .
-preprojective partitions with indecomposable objects Y.
2 In particular, the class of all epimorphisms in mod ⌳ is E E s F E E Ž P ␣ , ᎐ . , where P , . . . , P are representatives of the indecomposable, 1 n projective modules. Hence the classical preprojective partition can be described by the relative preprojective partitions given by the projectives P , . . . , P .
1 n
PARTITIONS WITH DIRECTED SUPPORT
As an application of our general theory, we develop now a method for the calculation of some particular relative preprojective partitions. Our w x algorithm is closely related to a similar one established by Todorov 18 for the classical preprojective partition over hereditary algebras.
In the sequel, for a module M we denote by ind M the class of Ž . indecomposable direct summands of M, and by fac M resp. sub M the Ž . category of factor modules resp. submodules of finite direct sums of copies of M. Ž . We consider a module X having the property Ext X, fac X s 0 s Ž . Ext X, sub X . Note that this condition is satisfied if and only if X ( PrPe⌳ for some projective module P and some idempotent e g ⌳. Moreover, we will assume that X is indecomposable and that mod ⌳ is w x directed in the sense of Definition 4.6. It was observed in 16, 10 that Ž . supp X, ᎐ can be described by means of the subclass of modules M g Ž . Ž . w x supp X, ᎐ satisfying Ext M, fac X s 0. By 7, 5.6 the latter condition is Ž . equivalent to X, Ker g s 0, where g: N ª M is the minimal left almost split morphism. Now exactly these modules M turn out to be crucial for the E E Ž X , ᎐ .
-preprojective partition too. We denote by Ž X , ᎐ . the ideal of morphisms factoring through a module
The proof is based on the following two lemmata. Ž . we infer h g N, N и Soc X, N , a contradiction.
En d X
Using the two morphisms from Lemma 4.2 we obtain large indecompos-Ž able modules. Similar constructions with fibre sums are quite familiar e.g., w x. w x see 10 . For a definition of quasi-projective modules we refer to 1 .
To see this, take an arbitrary endomorphism h of K, lift it to endomorphisms of M 2 and X 2 , and then show that h or 1 y h is invertible. 
Ž .
Next, for the minimal right almost split morphism g: N ª M, we show Then f f Ž X , ᎐ . , and by induction we obtain K g P P Ž X , ᎐ . and a chain
There is h :
have X, f s 0 and thus
Note that in Example 2.6 the method from Theorem 4.1 does not yield
-preprojective partition; there we have rad M , M и P , M S ªP in supp P , ᎐ . Thus we have P g P P . Mgind ⌳. If supp X, ᎐ is finite, each M g supp X, ᎐ is E E -preprojective, and from Theorem 4.1 we obtain that mod ⌳ is directed with Ž . respect to X. We now present a condition implying that supp X, ᎐ is finite. Next, we show that each N g P P Ž X , ᎐ . with i g ‫ގ‬ lies in the image of F F. 
